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Abstract. In this paper, we study asymptotic behavior of projective 
embeddings of Kummer varieties given by theta functions, and their 
amoebas. We prove that a Lagrangian fibration of the Kummer variety 
can be approximated by moment maps of the projective spaces. 

1. Introduction 

Let {X, L) be a polarized projective variety defined over C. Then for 
sufficiently large integer k, X can be embedded into a projective space by 
holomorphic sections of L : 

ik-.X^ C¥^^ = FH^{X, L^y. 

We consider a natural torus action on CP ^ . Then we have a moment map 



o 



> 



P^: ^fc:CP^^-^AfcCLie(r^'=r. 

^T ■ Note that Hk is a Lagrangian fibration of CP '^ with respect to the Fubini- 

\^ [ Study metric wps- We denote by B^ the image of X under fi^. B^ is 

^^ ' called a compactified amoeba. We study the limit of B^. and the restriction 

r~| ■ TTfc : X — > Sjt of the moment map //fc to X as /c — > oo. 

The amoebas heavily depend on the choice of projective embeddings, or 
equivalently the choice of basis of H^{X, L ). Of course, there is no natural 
choice of basis in general. However, in several cases, Lagrangian fibrations 
.5^ ' give natural basis of H^{X, L ). The relation can be interpreted in terms of 

S^ . geometric quantization or mirror symmetry. 

H \ A typical example is the case of abelian varieties. Let A = C^/ilZ^+Z" be 

an abelian variety and L ^ A a. principally polarization. Then holomorphic 
sections of L are essentially given by the theta functions. It is well known 
that there are some natural choices of basis of theta functions. For example, 








1? 



-b 
give a basis of H"{A, L^), where 



k 



{n, z)=Y,e (\\^ + aM^ + a) + \l + a){z + b)\ 

lain \ / 



e{t) = exp(27r\/^t) . 



In other words, we have the following isomorphism 

H°{A,L'')^ C-b, 

where the right hand side is the vector space formally spanned by /c-torsion 
points b G ^Z'"/Z". This isomorphism can be given by the Lagrangian 
fibration 

tt:A — ^T", z = nx + y> — >y. 

See ^2] for the interpretation in terms of geometric quantization, and jH], 
|3j for the interpretation in terms of mirror symmetry. We consider the 
projective embeddings defined by the above basis: 



ik-.A^ CF'^"-! , z^ [^ 



{k-^n,z) : ••• :t? 





-bkn 



{k-^Q,zyj 



■ 

-6i 
It is easy to see that the restriction 

T^k = fJ-k ° t,k : A ^ Bk 
of the moment map is invariant under the translations 

Qx + y^Q(x + a)+y, a G -Z"/Z" . 

k 

Namely, vr^ looks "close" to vr for large k. In fact, the author [S] proved that 
TTfc converges to vr as fc ^ oo as maps between compact metric spaces. 

In this paper, we consider the case of Kummer varieties X = A/{—1)a, 
where {—1)a : ^ — > ^ is the inverse morphism. In this case, ample line 
bundles and Lagrangian fibrations can be induced from those on A. In 
particular, we have natural basis of holomorphic sections. We prove that 
the Lagrangian fibration of X can be also approximated by the moment 
maps of projective space. 

This paper is organized as follows. In Section 2, we summarize the asymp- 
totic behavior of theta functions we use in this paper. The precise statement 
of the main theorem is given in Section 3. Section 4 is devoted to the con- 
vergence theorem of Kahler metrics which is a part of the main theorem. In 
Section 5, we prove the remaining parts of the main theorem. 

2. Asymptotic behavior of theta functions 

Let A = C"/r2Z" + Z" be an abelian variety and consider the principal 
polarization L ^>- A defined by 

where the action of fiZ" + Z" on C" x C is given by 

(^,^) ^ (^ + ;^^e^'A(Imn)-.+f*A{ImC)-lA^) 

for A G r^Z" + Z". Then L is symmetric, i.e. 

{-iYaL^l. 
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We denote the flat Kahler metric in the class ci(L) by 



UJQ 



where we write {hap) = (ImJl) '^. Then ho = exp(— 7r*z(Imil) ^z) gives a 
Hermitian metric on L such that ci(L, ho) = loq. 

Let T^ and T^ be two n-dimensional tori R"/Z" and identify A'^T^xT^ 
by z = Ox + y <-> (x, y). Then the natural projection 

vr : (^, CJo) ^ T^ ^Jx + y ^^ y 

is a Lagrangian fibration. 

For each integer /c, we denote the subgroups of A;-torsion points by 

1. 



~ k 

b .. rr^f 

k ' 



Tfe° ^ T/ ^ f Z"/Z" , 



Afc = r,^ X T, 



and we write {6i}j 



=i,...fc2 = iZ"/Z" = T^^ Then 



TT, 



(7QA;-^exp(-*z(ImJ])-iz) • t? 



(fc-^Sl, fcz) , hi G Tfc^ 



give a basis oi H'^{A,L'''), where Cq = 24 (det(ImO))4. 

By looking at the action of Heisenberg groups, we have the following (see 

my- 

Proposition 2.1. The basis {sj} are orthonormal with respect to the Th- 
inner product. 

Lemma 2.2. 



Sj{z) 



Cfc^exp( —*z{lmn)-^z 



exp r^L*(z - bj)n^^{z - bj)) (1 + 



with 



<^)' 



0(1) 



Proof. From the definition of the theta function, we have 
—b\ 

xe(--\z-b)n~\z-b) 
What we need to prove is that 



has the form C/c2 (1 + 

t 



,£'(K7i+"^""'^-'')K7i+"^""'^-'')) 



k2 



E 



exp ( vr 



iHni) 



ie-i=Z"+v^n-i{2-fe) 



A:2 



1 



exp (vrV-l/^O d/ + O ^ ^ 



^ 



Cfct ( 1 + O ( ^ 



Similarly we have 



dy" e(-(-^ + Vkn-\z-b)] n(-^ + Vkn~^ 



(z-b) 






E 



: exp {Ti^^AHm) Hdz 



ie4|Z"+v^n-i(z-6) 



27r\/^A;'^ ( / exp (vrV^^/f^Z) i^ldz)dl + O ( ^ ) ) 



= 0(A;2 

Lemma 12.21 follows from the above estimates. D 

Corollary 2.3. There exists constants C, c > independent of k such that, 

for each z = Qx + y € X, where dj^b is a distance on T . 



3. Convergence theorem for Kummer varieties 

In this section, we state a convergence theorem of Lagrangian fibration 
for Kuninier varieties X = A/{—1)a. 

Let L — > ^ be the hne bundle defined in section 2. Since L is symmetric, 
there exists a hne bundle M on X satisfying 

where p : A ^f X \s the natural projection (see Tj for the case of Kummer 
surfaces and [T^ for higher dimensional case). From the fact that p* : 
Pic(X) -^ Pic(^) is injective, we have p*M^ = L"^^ . 

From the symmetricity condition for L, the inverse morphism (— 1)a : 
A ^ A lifts to an involution (— 1)l : L ^ L. In our situation, the involution 
(— 1)l is given by {z, () i-^ (— z, (). We consider the involution on H^{A, L'^^) 
defined by 

H\A,L^>') -^ H\A,L^^) , s ^ (-l)^,,s(-lU • 

We denote the subspace of invariant sections under the above involution by 
H^{A,L)^. By direct computation, we have 

for each bi G T|^. In particular, H^{A,L'')'^ is spanned by s^. + s_b^. Note 
that 



dimF0(A,L2'=)+ = ^^^^" ^" + 2" = 2""i(fc" + 1) . 
It is easy to see that p* : H^{X, M ) ^^ H^{A, L ) gives an isomorphism 

H^{X,M^) ^H'^{A,L^)+. 
Let iv be the flat orbifold metric in the class ci{M): 
uj = a/-T^ hapdz" A dz'^ . 
Then that natural map 

vr : X = A/(-lU ^ i? = TV(-1), 

induced from vr : A ^ T is a Lagrangian fibration with respect to uj. 

For a section t G H^{X,M'') corresponding to s G iJ°(^, L^'')+, its L^- 



norm is 

|2 _ f U|2^" _ 1 /" |„|2(2wo)" _ on-1 

Therefore 

t 



+ \\^ I \ + \^ I \ n\^ ^ ^' O'l- -II nil 



K+5_feJ, ifft, GT|,\T|, 



/2" 



I V2"-i 
give an orthonormal basis of i/'^ (X, M 



sbi , if 6i G rl 



Let 

be the projective embedding defined by the above basis. Let T^'' C SU{Nf^+ 
1) be the maximal torus which consists of diagonal matrices and consider its 
natural action on CP * . This action is Hamiltonian and its moment map is 
given by 

2^ \^ I 
here we identify the dual of the Lie algebra of T * with 

Denote the image of ik{X) C CP *= under /i^ by Bj. and consider the re- 
striction of /ijfc to X: 

TT^ '-^ /ifc o L^ : X — > Bk . 

We also put lo^ = ^ilcops- We claim that vr^ : {X,uJk) -^ B^ converge to the 
Lagrangian fibration n : {X, uj) ^ B in the "Gromov-Hausdorff topology" . 
For that purpose, we need to define distances on B and B^- We define a 
metric on B in such a way that vr : (X, a;) ^ i? is a Riemannian submersion. 
To define a distance on B^. C A^, it suffices to define a metric on A^., where 
Afc = /LXfc(CP *=) is the moment polytope of CP '=. The metric on A^ is also 
defined in such a way that 



fJ-k ■■ 



CP^N^c^Fs) ^A, 



is a Riemannian submersion in the interior of A^. This is equivalent to the 
following definition. Consider the restriction /i^ : MP *= -^ A^ of the moment 
map to MP * C CP *= . This is a 2 *= -sheeted covering which branches on the 
boundary of A;;.. By identifying A^ with a sheet of MP *=, the restriction 
of the normalized Fubini-Study metric ^t^FS gives a metric on A^. The 
distance on B^ is induced from this metric. 

Theorem 3.1. tt^ : {X,uJi.) -^ B^ converges to vr : {X,lo) -^ B as k ^ oo 
in the following sense: 

(i) uJk converges to uj in C°° on each compact set in X\Sing(X). More- 
over, the sequence {{X,uJi.)} of compact Riemanian manifolds con- 
verges to {X,uj) with respect to the Gromov-Hausdorff topology. 

(ii) Bk converge to B with respect to the Gromov-Hausdorff topology. 

(iii) The sequence of maps tt^ : X ^ B^ converges to it : X ^ B as maps 
between metric spaces. 

Before the proof, we recall the definition of Gromov-Hausdorff conver- 
gence and convergence of maps. 
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First we recall the notion of Hausdorjf distance. Let Z he a metric space 
and X,Y C Z he two subsets. We denote the e-neighborhood of X in Z by 
B{X,e). Then the Hausdorff distance between X and Y is given by 

d^{X,Y) =inf{e>0 \X C B{Y,e), Y C B{X,e)} . 
For metric spaces X and Y , the Gromov-Hausdorff distance is defined by 
d^Yii^^Y) = infldnC^'^) \ ^^^ ^^ ^ ^-^^ isometric embeddings.}, 
or equivalently, 

dG,i{X,Y) = \ni{dl^''{X,Y)], 

where the infimum is taken over all distances on the disjoint union X ]J y 
compatible with those on X and Y . 

Next we recall the notion of convergence of maps (see also 7 ). Let 
/fc : Xfc -^ Yfc, f : X ^ Y he maps between metric spaces. Suppose that 
Xk and Yfc converge to X and Y respectively with respect to the Gromov- 
Hausdorff distance. From the definition of Gromov-Hausdorff distances, 
there exist isometric embeddings 

such that Xi (resp. Yk) converge to X (resp. Y) with respect to the Haus- 
dorff distance in Z (resp. W). In this case, we say that {/j} converges to 
/ if for every sequence Xk G X^ converging to x G X, fk{xk) converges to 
f{x) in W. 

4. Convergence of Kahler metrics 

In this section, we prove the first statement of the main theorem. In the 
case of abelian variety, it follows from the theorem of Tian lllj and Zelditch 
J13j . To discuss the case of Kummer varieties, we need an orbifold version 
of Zelditch's theorem. 

Theorem 4.1 (Song TU"). Let {X,oj) he a compact Kahler orbifold of di- 
mension n >2 with only finite isolated singularities Sing(X) = {ej}JLi, and 
{M,h) -^ X be an orbifold Hermitian line bundle with ci{M,h) = uj. For 
each A: S> 1, we take an orthonormal basis of H^{X,M ) and consider the 
projective embedding l^ : X ^ CP *= defined by them. We put uj^ = ^t^wps 
as before. Then 

Ik - ^kWc.,^ ^ C-, Q + kie-^'^^^A , (1) 

where \\-\\ci,z denote the C-norm at z £ X and r{z) is the distance between 
z and the singular set. In particular, ujk converges to u in C°° on each 
compact set in X\Sing(X). 

Remark 4.2. Dai-Liu-Ma 2' also proved the similar theorem. 



Theorem 4.3. Under the same assumption as in Theorem \4 1[ {X,uJk) 

converges to {X,lj) with respect to the Gromov-Hausdorff topology. 

Proof. Let d and dk be the distances on X defined by us and Uk respectively. 
For each e S Sing(X), we put 



Dk{e) ■.= \z£X 
and 



rf(->^)<\/^ 



eGSmg(X) 

Then 



dGH((X,^),(C/,,.;))<0( Ji^l (2) 



by definition. 

From (^, we have 

C 

on Uk- This iniphes that 



\lO — LOkWc^ — 



dGR{{Uk,io),{Uk,ujk)) <o(^ 



Take e E Sing(X) and zq £ X which is close to e. Let 

be a geodesic from zq to e with I7I = 1. Then d{zo, e) = I. From (^, 

\iU < (1 + X + ^e-^^-(^W)^) = (1 + 1 + ^e"''^'~*^') • 
Hence we have 

4(^0, e) < / |7Uj^(it 



<f'fl + ^ + Ce-''^'~'Adt 

( c\ , c 



(3) 



Therefore the diameter of Dfc(e) with respect to tOk can be bounded by 
O I \/-^^ I • In particular, we have 



dGH{{X,Uk),{Uk,u;k)) < O (]f^] . (4) 



By combining Q, © and Q, we obtain 



dGu{{X,uj),{X,u;k))<0' /^°^^ 



k I 



5. PROOF OF THE MAIN THEOREM 

5.1. Proof of Theorem 13.11 (ii). To prove the Gromov-Hausdorff conver- 
gence, it suffices to construct e-Hausdorff approximations fk '■ B ^ B^ for 
large k (see 0). 

Definition 5.1. Let {X,dx), (1", dy) be two compact metric spaces. A map 
99 : X — > y is said to be an e-HausdorfF approximation if the following two 
conditions are satisfied. 

(1) The e-neighborhood of f{X) coincides with Y. 

(2) For each x,y £ X, 

\dx{x,y) -dY{ip{x),ip{y))\ <e. 
Take E r2 and identify B with the "zero section" 

({0} X T^)/(-1)a C X 
Note that the inclusion B ^^ X is not necessarily isometric. We put 

fk := tt^Ib : B — > Bk- 



We prove that ipk is a C J -^ — Hausdorff approximation, here C > is a 
constant independent of k. 



For each h G Sing(i?) = T|/(— 1), we denote the \J -^ — neighborhood of 
the singular fiber 'K~'^{h) by 



Nb,k = {zeX 



-l/,,^^ ^ /log^ 



and set 



d{z, TT-\h)) < 



X{k) = X\ [j Nb,k 

6GSing(B) 
Bik)=7TiX{k)), 
Bk{k) = TTk{X{k)) . 



5k 



Then 



by definition. 



,BfT. r.n^^^ ^ ^ I /log^ 



d^{B,B{k)) < O 



k 



For each ^ G TpCP *= , we decompose it into vertical and horizontal parts: 



TpCF *= — T^pN^^/^|^^p © (^CP'^fc/At.o)" 



^ 



e^ 



+ 



? 



H 



where T^-^n^^,^ = ker dfik is the tangent space of the fiber of /x^ : CP *= ^ 
Afc and {Tq^n^/^ )"*" is its orthogonal complement with respect to the 

Fubini-Study metric. Let (Z" : • • • : Z '') be the homogeneous coordinate 

and write 



log — = u' + 



-lv\ 



Then T„n^/^^ and {T„Ni,/^J-^ are spanned by ^'s and ^'s respectively. 
Let 7 : [0, /] ^ S^ be a curve and take a lift 7 : [0, /] -^ X. Then the 
length of 7 is given by 



dt^ 



H 



dt. 



^k 



We also decompose TX into the vertical and horizontal spaces: 

TzX = Tx/B,z © iTx/B,z) ■ 

Then the length of a curve 'j : [0,1] ^ B is given by 



d ^ 



dt. 



where 7 : [0, /] ^ X is a horizontal lift. Therefor, to prove the theorem, we 
need to compare the these two decompositions. 

Lemma 5.2. Let z G XiK). 
(1) //C G TxiB,z, then 

C 



dikiif <^iei. 



(2) IfC(^{Tx/B,. 



dt-kiO 



V 



^>- 



Proof. Since 



d{z,.-\b,))>^ or diz,.-\b,))>^ 



on p-\X{k)) CA, 



\Sb,{z)\cr 



< k4+''0 



\/k 



or |.s_,^(z)|^^<A;f+'-0(^-L 
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for r = 0, 1. From this and Lemma 12.21 we have 



tj{z) = Ck~ exp ( — ^z{lmn)''^z 



nk. 



exp 



(^-^*(z-6,)[7-i(z-6,))(l + , 



Hence 

Z^ _ tj{z) 



Z^ h{z) 

= Cj elcp(2'K^/^\bj - 10)^-^) + O ( ^ J 

(5) 

for some constant Cj. 

Recah that ^ tangents to fibers. Thus (Tx/x-)'^ is spanned by jA-'s, 
where J is the complex structure on X. By direct computation, we have 



J 



_d_ 



,J 



dx"^ 



_d_ 



_d_ 

dx^' 



+ 



-Re(0-^)(lmf] 

d d 

dy^ ' ' ' ' ' 9y" 



^i\-i 



(ImO 



-i\-i 



and 



^(*(6,-6o)Im(J]-i)y)=0, 



d 



Jg- [\b, - bo){x + Re {n-')y)) = . 



This means that 



J 



_d_ 

dx^ 

_d_ 

dx^ 



H 



< 



< 



C_ 

y/k 

C_ 

Vk 



_d_ 

dx^ 



V 



J 



_d_ 

dx^ 



H 



U 



Lemma 5.3. There exist a constant C > such that the C \l -^^i- -neighborhood 



of ipkiB) coincides with B^. 
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Proof. Let 7 : [0,/] -^ X{k) be a geodesic along a fiber of vr. Tlien, from 
Lemma 15.21 



< ^ / 7 dt 



< 



C_ 

71 



This implies that a -^-neighborhood of ipk{B{k)) contains Bf^{k). 
On the other hand, the diameter of ttj^-INiiI.) is bounded by 

diameter of Dk{b) + diameter of iTki'^^ {b')) 



^°'4'^° 



where b' E dDk{b). This means that 



logfc \ ^ Q I /log^ 



d^^Bk{k),B,)<0[J^^ 



Hence the C\/ -^ — neighborhood of (pk{B) coincides with i?^. 
Lemma 5.4. For y,y' £ B, 

\dB{y, y) - dfifc {^k{y), ^k{y')) 



<c 



log/c 



k 



D 



Proof. From the above discussion, it suffices to consider on B{k). Let 7 : 
[0,/] -^ B{k) be a geodesic with 7(0) = y and ^{l) = y' . We take its 
horizontal lift 7 : [0, /] ^ X with 7(0) = y G B C X and z := ^{l) £ 7r~^(y'). 
From Lemma l5.2| 



dB{y,y') 



I' 


a 


/■' 


fd Y 


L 


di^ 


dt > / 


[dfj 



dt -= 

Vk 



C 

> dBkiv^kiy),fkiz))--j= 



C 



>dBk{<^k{y),Vk{y')) -dB^:{vk{y'),Vk{z))- -y=. 

From the proof of Lemma EH \dB^.{^k{y'),'Pk{z))\ < -jr- Hence we obtain 



y/k' 



dB{y,y') - dBk{<fk{y),'fk{y')) > 



C_ 
71 



(6) 
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Next we take a geodesic 7 : [0,/] -^ Bk{k) with 7(0) = (pk{y) and 7(/) 
ifkiy')- Let 7 : [0, /] ^ X be a lift of 7. Then 



dBk{'^k{y),'fk{y')) 



d_^ 



H 



dt. 



^k 



We write 



dt 
From Lemma l5.2| 



— 7 = ^ + r/, ^ G Tx/B , V e {Tx/bY 





[dt^j 


V 


C 




Hence we have 




dB,{My),My'))> 1^ \'^\dt--^ 






-f 

Jo 


d 
di 


-7r(7) 


dt- 

UJ 


C 

Vk 



>dB(vr(7(0)),7r(7(0)) 



C_ 

Vk' 



Since 



we obtain 



dB(vr(7(0)),y), rfijW7(0), y') < 
dBk{fk{y),'Pk{y')) > dB{y,y') - 



C_ 

c_ 

Vk' 



(7) 

D 



© and ^ prove the lemma. 

5.2. Proof of Theorem 13.11 (iii). Prom Theorem 13.11 (ii), there exists a 
distance on BJl B^. which is compatible with those on B and B^. and 



dib,ipk{b))<C 

for any b & B. 

Lemma 5.5. For any z ^ X, 

d(7r(z),7r,,(z))<C 
Proof. Prom the proof of Lemma 15.31 



log A; 



log k 



dBkiV>kiT^{z)),TTkiz)) < C 



log k 



On the other hand, from the choice of the distance on BWBk^ 



d{-K{x),ipk{-n{z))) < C 
Lemma 15.51 follows from these two inequalities. 

13 



log A; 



D 



For each k, we denote id^ := idx '■ {X,uj) -^ (X, lij^). Then, from the 
proof of Theorem I4.3( there exists a distance on {X,uj) 11 (llk{X,uJi;)) which 
is compatible with uj and uj^ and 



d{z,idkiz)) < CJ—^ 

for any z £ X. 

Take Zk G {X,u)k) converging to z G (-'^,1^) in (-'^,1^) U {JIk{X,uJk)) as 
k — > 00. Then id^ {z^) ^ 2; in {X,uj) and we have 

Tr{id'j^'^{zk)) — > tt{z) in B . 
Combining this with Lemma 15.51 we obtain 

d{Trk{Zk),7r{z)) < d{TTk{zk),T^{Zk)) + dB{iT{zk),'K{z)) ^0 

as A; — > cxD. D 
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